Abstract. In a recent paper, [2], we proved that given an asymptotically cylindrical G 2 -manifold M with a Calabi-Yau boundary X, the moduli space of coassociative deformations of an asymptotically cylindrical coassociative 4-fold C ⊂ M with a fixed special Lagrangian boundary L ⊂ X is a smooth manifold of dimension dim V + , where V + is the positive subspace of the image of H 2 cs (C, R) in H 2 (C, R). In order to prove this we used the powerful tools of Fredholm Theory for noncompact manifolds which was developed by Lockhart and McOwen [6], [7] , and independently by Melrose [8], [9] .
Introduction
Let (M, ϕ, g M ) be a connected, complete, asymptotically cylindrical G 2 -manifold with a G 2 -structure (ϕ, g M ) and asymptotic to X × (R, ∞), R > 0, with decay rate α < 0, where X is a Calabi-Yau 3-fold. An asymptotically cylindrical G 2 -manifold M is a noncompact Riemannian 7-manifold with zero Ricci curvature whose holonomy group Hol(g M ) is a subgroup of the exceptional Lie group G 2 . It is equipped with a covariant constant 3-form ϕ and a 4-form * ϕ. There are two natural classes of noncompact calibrated submanifolds inside M corresponding to ϕ and * ϕ which are called asymptotically cylindrical associative 3-folds and coassociative 4-folds, respectively.
The Floer homology programs for asymptotically cylindrical Calabi-Yau and G 2 manifolds are expected to play a key role in String Theory and M-theory as they lead to the construction of brand new Topological Quantum Field Theories, [5] . In order to construct consistent TQFT's, the first step is to understand the deformations of asymptotically cylindrical calibrated submanifolds with some small decay rate inside Calabi-Yau and G 2 manifolds. A very natural and fundamental question is whether these submanifolds have smooth deformation spaces.
For this purpose, in [2] we studied the deformation space of an asymptotically cylindrical coassociative submanifold C in an asymptotically cylindrical G 2 manifold M with a Calabi-Yau boundary X. We assumed that the boundary ∂C = L is a special Lagrangian submanifold of X. Using the analytic set-up which was developed for elliptic operators on asymptotically cylindrical manifolds by LockhartMcOwen and Melrose, [6] , [7] , [8] , [9] , we proved that for fixed boundary ∂C = L this moduli space is a smooth manifold.
In order to continue developing the Floer homology program for coassociative submanifolds the next step is to parametrize coassociative deformations with moving boundary. In this paper, we extend our previous result in [2] to the moving boundary case and show that if the special Lagrangian boundary is allowed to move, one still obtains a smooth moduli space. Moreover, we can determine the dimension of this space. These two technical results on fixed and moving boundary cases then parametrize all asymptotically cylindrical coassociative deformations. Remarkably, using this parametrization of deformations and basic algebraic topology we can verify one of the main claims of Leung in [5] to prove that the boundary map from the moduli space of coasssociative cycles to the moduli space of special Lagrangian cycles is a Lagrangian immersion. With this result in hand, one can start defining the Floer homology of coassociative cycles with special Lagrangian boundary, which then leads to the construction of the TQFT of these cycles.
In this paper we prove the following theorem.
) be an asymptotically cylindrical G 2 -manifold asymptotic to X × (R, ∞), R > 0, with decay rate α < 0, where X is a Calabi-Yau 3-fold with metric g X . Let C be an asymptotically cylindrical coassociative 4-fold in M asymptotic to L × (R ′ , ∞) for R ′ > R with decay rate β for α β < 0, where L is a special Lagrangian 3-fold in X with phase i, and metric
cs (C, R) be the natural projection, so that ker Υ is a vector subspace of H 2 (L, R) and let F be a small open neighbourhood of 0 in ker Υ. Then for some small γ the moduli space M γ C of asymptotically cylindrical coassociative submanifolds in M close to C, and asymptotic to L s × (R ′ , ∞), s ∈ F , with decay rate γ, is a smooth manifold of dimension dim V + +dim ker Υ = dim
Remark 1.2. In Theorem 1.1 above, as in the fixed boundary case, [2] , we require γ to satisfy β < γ < 0, and (0, γ 2 ] to contain no eigenvalues of the Laplacian ∆ L on functions on L, and [γ, 0) to contain no eigenvalues of the operator − * d on coexact 1-forms on L. These hold provided γ < 0 is small enough. This assumption is needed to guarantee that the linearized operator of the deformation map for asymptotically cylindrical coassociative submanifolds is Fredholm. Remark 1.3. In our previous paper, [2] , we proved that the dimension of the deformation space of asymptotically cylindrical coassociative submanifold C with fixed special Lagrangian boundary L is given as V + where V + is the positive subspace of the image of H 2 cs (C, R) in H 2 (C, R). One should note that in Theorem 1.1 above, when L is a special Lagrangian homology 3-sphere, b 1 (L) = 0 and hence L is rigid and there are no special Lagrangian deformations of L so it behaves like a fixed boundary. Then one can use basic algebraic topology to show that for this special case Theorem 1.1 gives us dim
which is consistent with the result of our previous paper for fixed boundary.
The outline of the paper is as follows: We begin in §2 with a brief overview of coassociative deformations of an asymptotically cylindrical coassociative submanifold with fixed special Lagrangian boundary, followed by a sketch proof of our main theorem in [2] , where we showed the smoothness of the moduli space of such deformations and calculated its dimension. In §3 we introduce the analytic set-up for deformations with moving (free) boundary and prove Theorem 1.1. Finally, in §4 using Theorem 1.1, we verify one of the main claims of Leung in [5] , which is necessary to prove that the boundary map from the moduli space of coassociative cycles into the moduli space of special Lagrangian cycles is a Lagrangian immersion.
Coassociative Deformations with Fixed Boundary
First we recall basic properties of asymptotically cylindrical G 2 manifolds and the coassociative 4-folds. We also need these definitions and the analytic set-up in Section 3. For more on the subject we refer the reader to [2] .
A
is compatible with the product structure, that is,
where X is a connected, compact Calabi-Yau 3-fold with Kähler form ω, Riemannian metric g X and holomorphic (3,0)-form Ω. Let (M, ϕ, g) be an asymptotically cylindrical G 2 -manifold asymptotic to X × (R, ∞), R > 0, with decay rate α < 0, where X is a Calabi-Yau 3-fold with metric g X . Then there exists a cylindrical G 2 -manifold (M 0 , ϕ 0 , g 0 ) with M 0 = X × R, a compact subset K ⊂ M , a real number R, and a diffeomorphism Ψ : X × (R, ∞) → M \ K such that Ψ * (ϕ) = ϕ 0 + dξ for some smooth 2-form ξ on X × (R, ∞) with
where ∇ is the Levi-Civita connection of the cylindrical metric g 0 .
An asymptotically cylindrical G 2 manifold M has one end modelled on X × (R, ∞), and as t → ∞ in (R, ∞) the G 2 -structure (ϕ, g) on M converges to order O(e αt ) to the cylindrical G 2 -structure on X × (R, ∞), with all of its derivatives. As in [2] , we suppose M and X are connected, that is, we allow M to have only one end. We showed earlier that an asymptotically cylindrical G 2 manifold can have at most one cylindrical end, or otherwise the holonomy reduces, [11] .
We can also define calibrated submanifolds of noncompact G 2 manifolds. In [2] , we introduced asymptotically cylindrical coassocitave submanifolds of a G 2 manifold.
Let C be a connected, complete asymptotically cylindrical coassociative 4-fold in M asymptotic to L × (R ′ , ∞) for R ′ > R with decay rate β for α β < 0, where L is a compact special Lagrangian 3-fold in X with phase i, and metric g L = g X | L . This implies, as defined in [2] , that there exists a compact subset
and
. In other words, C can be written near infinity as the graph of a normal vector field v to C 0 = L × R in M 0 = X × R, so that v and its derivatives are O(e βt ). Here we require C but not L to be connected, so it is possible that C to have multiple ends.
Using this set-up, in [2] , we proved the following theorem for asymptotically cylindrical coassociative deformations with fixed boundary.
Let (M, ϕ, g) be an asymptotically cylindrical G 2 -manifold asymptotic to X × (R, ∞), R > 0, with decay rate α < 0, where X is a Calabi-Yau 3-fold with metric g X . Let C be an asymptotically cylindrical coassociative 4-fold in M asymptotic to L × (R ′ , ∞) for R ′ > R with decay rate β for α β < 0, where L is a special Lagrangian 3-fold in X with phase i, and metric
Then for some small γ the moduli space M γ C of asymptotically cylindrical coassociative submanifolds in M close to C, and asymptotic to L × (R ′ , ∞) with decay rate γ, is a smooth manifold of dimension dim V + , where V + is the positive subspace of the image of 
McLean showed that dP is onto the image ofP and used the Implicit Mapping Theorem for Banach spaces, [1, Thm 1.2.5] to conclude thatP −1 (0) is smooth, finite-dimensional and locally isomorphic to Ker (
. Sketch proof of Theorem 2.1. Let (M, ϕ, g) be an asymptotically cylindrical G 2 -manifold asymptotic to X × (R, ∞), and C an asymptotically cylindrical coasso- 
where
, where ν C is the normal bundle of C in M . This leads to the construction of another diffeomorphism Θ : B ǫ ′ (ν C ) → T C for appropriate choices of a small ǫ ′ > 0, and a tubular neighborhood T C of C in M .
By choosing this local identification Θ between ν C and M near C that is compatible with the asymptotic identifications Φ, Ψ of C, M with L × R and X × R we can then identify submanifoldsC of M close to C with small sections of ν C . More importantly, the asymptotic convergence ofC to C, and so to L × R, is reflected in the asymptotic convergence of sections of ν C to 0.
We then define a map Q :
* (ϕ) for p > 4 and l 1. That is, we regard the section ζ 2 + as a map It turns out that Q : 
for p > 4 and l 1. On a noncompact manifold, the ellipticity of a differential operator A is not sufficient to ensure that A is Fredholm. This is one of the main difficulties in extending McLean's result to asymptotically cylindrical submanifolds.
Using the analytical framework for asymptotically cylindrical manifolds developed by Lockhart and McOwen in [6] and [7] , involving weighted Sobolev spaces L The elements of
For more on definitions of weighted Sobolev spaces we refer the reader to [1] , [2] .
Lockhart and McOwen showed in [6] that this depends on the decay rate γ and one can define a discrete set D A that determines the set of rates γ for which an elliptic operator A on an asymptotically cylindrical manifold is not Fredholm.
It turns out that in our case dP is not Fredholm if and only if either γ = 0, or γ 2 is a positive eigenvalue of ∆ = d * d on functions on L, or γ is an eigenvalue of − * d on coexact 1-forms on L. Therefore we take γ sufficiently small to guarantee that dP is Fredholm.
We then show that Ker ( 
,γ with a maximal subspace
which is a topological invariant of C, L.
is also smooth, finite-dimensional and locally isomorphic to
is independent of l, and so consists of smooth solutions. This proves Theorem 2.1. We now prove Theorem 1.1. Let (M, ϕ, g) be an asymptotically cylindrical G 2 -manifold asymptotic to X × (R, ∞), R > 0, with decay rate α < 0. Let C be an asymptotically cylindrical coassociative 4-fold in X asymptotic to L × (R ′ , ∞) for R ′ > R with decay rate β for α β < 0. As in the proof of Theorem 2.1, we suppose γ satisfies β < γ < 0, and (0, γ 2 ] contains no eigenvalues of the Laplacian ∆ L on functions on L, and [γ, 0) contains no eigenvalues of the operator − * d on coexact 1-forms on L. The reason for this assumption is that, as in the fixed boundary case, we also have the same linearized operator, Propositions 3.3, 3.4 given as
for p > 4 and l 1 as in §2.
,γ is Fredholm. Here D (d++d * )0 is the discrete set derived from the linearized operator as in [2] .
Let ν C be the normal bundle of C in M , which we regard as the quotient bundle
, and the normal vector field v on L × (R ′ , ∞) be as in §2, so that (1) commutes. Here we choose a local identification Θ between ν C and M near C that is compatible with the asymptotic identifications Φ, Ψ of C, M with L × R and X × R in the following way:
Let ν L be the normal bundle of L in X and ν L ×R → L×R be the normal bundle 
where w is a point in B ǫ (ν L ) × (R ′ , ∞), in the fibre over π(w) ∈ L × (R ′ , ∞) and v| π(w) is a point in the same fibre, which is a ball of radius ǫ in a vector space. Since exp L ×id : B 2ǫ (ν L )×R → T L ×R and Ψ : X ×(R, ∞) → M \K are diffeomorphisms, Ξ is a diffeomorphism with its image. Moreover, since (1) commutes we see that
is an isomorphism. Also as Φ :
is an isomorphism. By quotienting (7) by (8) we then get an isomorphism
Now we choose a diffeomorphism Θ :
Using the local identification Θ satisfying (i), (ii), (iii), submanifoldsC of M close to C can be then identified with small sections of ν C , and the asymptotic convergence ofC to C is reflected in the asymptotic convergence of small sections of ν C to 0.
Let F ⊂ R d be an open subset of the space of special Lagrangian 3-folds in (X, ω, Ω, g X ). Let L 0 ∈ F be the starting point and L s be nearby special Lagrangian submanifolds for some s close to 0 in F . By McLean, [10] , the space of deformations M L0 of a special Lagrangian submanifold L 0 can be identified with closed and coclosed 1-forms on L 0 and so R) coordinates on the moduli space of special Lagrangian submanifolds see [3] and [4] .
We choose a smooth family of diffeomorphisms ϑ s : L s → L 0 such that ϑ 0 = id L0 and L s ∼ = L 0 for small s. Identify a tubular neighbourhood of L 0 in X with a neighbourhood of the zero-section in T * L 0 , then L s is the graph of ζ s , where ζ s is a small closed and coclosed 2-form on
where * L0 is the star operator in L 0 .
One way to do this is to take a smooth function h : R → [0, 1] defined as h(x) = 0 for x ≤ R and h(x) = 1 for x ≥ R + 1 and set
Given ζ s as a section of T * L 0 , we can identify T * L 0 with Λ 2 + (L 0 × R) and identify this with Λ 2 + (C 0 ) near ∞. ThenC s is the graph of ̺ s , which is a 4-fold in M asymptotic to L s × R but not necessarily coassociative. So we obtain a family of 4-foldsC s such thatC 0 = C 0 = C, which is a coassociative submanifold of M , andC s is asymptotic to L s × R, where L s is special Lagrangian submanifold of X as in Figure 1 . 
. That is, we regard the sum of sections ζ 
is a smooth map of Banach manifolds. The linearization of Q at 0 is dQ(0, 0) :
Proof. As in the proof of McLean's Theorem, the functional form of Q is
where H is a smooth function of its arguments. Since p > 4 and l 1 we have
, we must analyze the asymptotic behavior of H at infinity. From [2] we know that
where α is the rate for M converging to X × R. Γ(̺ s ) is the graph of ̺ s which is equal to L s × (R + 1, ∞) in X × (R + 1, ∞). Since L s is a special Lagrangian submanifold with phase i, we get for t > R+1, ϕ| Γ(̺s) = (ω ∧dt+Re(Ω)+O(e α t))| Ls×(R+1,∞) = 0 + O(e α t)| Ls×(R+1,∞) . Therefore for Γ(̺ s ) the error term ϕ| Γ(̺s) comes from the degree of the asymptotic decay. In particular, as α < γ we can assume ϕ| Γ(̺s) ≡ O(e γt ). We can easily arrange to choose ̺ s such that π * (ϕ|
Finally, the linearization of Q is d as our calculation is local, it does not matter that we are on a noncompact manifold C and the smoothness of Q holds by general principles.
Next we show that the image of Q consists of exact 3-forms in
Proof. This will be an adaptation of a similar proof in [2] . Consider the restriction of the 3-form ϕ to the tubular neighborhood T C of C. As ϕ is closed, and T C retracts onto C, and ϕ| C ≡ 0, we see that ϕ| TC is exact. Thus we may write ϕ| TC = dθ for θ ∈ C ∞ (Λ 2 T * T C ). Since ϕ| C ≡ 0 we may choose θ| C ≡ 0. Also, as ϕ is asymptotic to O(e βt ) with all its derivatives to a translation-invariant 3-form ϕ 0 on X × R, we may take θ to be asymptotic to O(e βt ) with all its derivatives to a translationinvariant 2-form on T L ×R. By Proposition 3.1, the map (s, ζ
is compactly-supported de Rham cohomology. The explicit definition of the map Υ is that if ς is a closed 2-form on L then extend ς smoothly to a 2-formς on C which is asymptotic to ς on L × (R, ∞). Then dς is a closed compactly supported 3-form on C. So Υ :
and for the graphs of ̺ s . The problem here is that the image of Υ may not be zero in H 3 cs (C). In [2] , we studied the properties of the kernel and cokernel in Equation (??). The dimension of the cokernel is
The map Ker (d * So the problem here is that if we allow the boundary to move arbitrarily then the image of Υ may not be zero in H 3 cs (C). This means that, for s ∈ H 2 (L, R), the problem of constructing asymptotically cylindrical coassociative 4-fold asymptotic to L s ×(R, ∞) is obstructed if and only if Υ(s) = 0. Therefore the set F is restricted to ker Υ ⊂ H 2 (L, R).
Next, we determine the dimension of the moduli space M 
In particular, dim (ker dP (0,0,0) ) = dim (ker Υ) + dim (V + ).
Taking alternating sums of dimensions in (17), shows that the dimension of the kernel of Υ is
Therefore the dimension of M γ C , the moduli space of coassociative deformations of an asymptotically cylindrical coassociative submanifold C asymptotic to L s × (R, ∞), s ∈ F , with decay rate γ is
4. Applications: Topological Quantum Field Theory of Coassociative Cycles 4.1. Coassociative and Special Lagrangian Cycles. Let (M, ϕ, g) be an asymptotically cylindrical G 2 -manifold asymptotic to X × (R, ∞), and C an asymptotically cylindrical coassociative 4-fold in M asymptotic to L × (R ′ , ∞). Let E be a fixed rank one vector bundle over C. Definition 4.1. Let (X, ω, J, g X , Ω) be a Calabi-Yau 3-fold and L be a special Lagrangian submanifold of X. Also let (M, ϕ, g M ) be a G 2 -manifold asymptotic to X × (R, ∞). A pair (C, D E ) is called a coassociative cycle if C is a coassociative submanifold of M asymptotic to L × (R ′ , ∞) and D E is an anti-self-dual, unitary connection over C with finite energy. Theorem 4.4. Let X be a Calabi-Yau 3-fold and L be a special Lagrangian submanifold in X. Let M be a G 2 -manifold asymptotic to X × (R, ∞), and C a coassociative 4-fold in M asymptotic to L × (R ′ , ∞). Let M coas (M ) be the moduli
